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The stability of the plane interface separating two viscoelastic (Walters B”) superposed fluids in por-
ous medium in the presence of suspended particles is considered. For the case of two uniform Walters
B’ fluids separated by a horizontal boundary, the system is found to be stable or unstable under certain
conditions for the stable configuration. However, the system is found to be unstable for the unstable
configuration. The case of an exponentially varying density is also considered. For the stable stratifica-
tion, the system is found to be stable or unstable under certain conditions, whereas the system is found
to be unstable for the unstable stratification. The behaviour of growth rates with respect to suspended
particle, number density, and medium permeability is examined analytically.

Introduction

The instability derived from the character of the equi-
librium of an incompressible heavy fluid of variable den-
sity (i.e. of a heterogeneous fluid) is termed as the Ray-
leigh-Taylor instability. Mention may be made of two im-
portant special cases: (a) two fluids of different densities
superposed one over the other; (b) a fluid with a contin-
uous density stratification. Chandrasekhar [1] has given
a detailed account of the Rayleigh-Taylor instability in
non-porous medium.

The flow through porous media is of considerable
interest amongst petroleum engineers and geophysical
fluid dynamicists. Lapwood [2] has studied the stability
of convective flow in hydrodynamics in a porous medi-
um using the Rayleigh procedure. Wooding [3] has con-
sidered the Rayleigh instability of a thermal boundary
layer in flow through porous medium. In geophysical sit-
uations, more often than not the fluid is not pure but may
instead be permeated with suspended (or dust) particles.
Scanlon and Segel [4] have considered the effect of sus-
pended particles on the onset of Bénard convection and
found that the critical Rayleigh number was reduced sole-
ly because the heat capacity of the pure gas was supple-
mented by that of the particles. The thermal instability of
fluids in a porous medium in the presence of suspended
particles has been studied by Sharma and Sharma [5].
The suspended particles and the permeability of the me-
dium were found to destabilize the layer. The gross ef-
fect, when the fluid slowly percolates the pores of the
rock, is represented by the well known Darcy’s law. The

fluid has been considered to be Newtonian in all the above
studies.

With the growing importance of non-Newtonian fluids
in modern technology and industries, investigations on
such fluids are desirable. Oldroyd [6] proposed a theo-
retical model for a class of viscoelastic fluids. An experi-
mental demonstration by Tom and Strawbridge [7] re-
veals that a dilute solution of methyl methacrylate in n-
butyl acetate agrees well with the theoretical model of
the Oldroyd fluid. Slattery [8] has studied the flow of vis-
coelastic fluids through a porous medium. Kumar [9] has
studied the Rayleigh-Taylor instability of a Newtonian
viscous fluid overlying an Oldroydian viscoelastic fluid
containing suspended particles in a porous medium. In
another study, Sharma and Kumar [10] have studied the
thermal instability of an Oldroydian viscoelastic fluid in
a porous medium and have also considered the effect of
uniform rotation on the instability.

There are many elastico-viscous fluids that cannot be
characterized by Oldroyd’s [6] constitutive relations.
One such class of elastico-viscous fluids is Walters B
fluid. Sharma and Kumar [11] have studied the stabil-
ity of the plane interface separating two viscoelastic
(Walters B’) superposed fluids of uniform densities. It
is this class of elastico-viscous fluids we are interested
in particularly in the study of the stability of two super-
posed Walters B viscoelastic fluids permeated with sus-
pended particles in porous medium. The knowledge re-
garding viscoelastic fluid-particle mixtures is not com-
mensurate with their scientific and industrial impor-
tance. The analysis would be relevant to the stability of
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some polymer solutions. and the problem finds its use-
fulness in several geophysical situations and in chemi-
cal technology. These aspects have motivated the
present study.

Formulation of the Problem
and Perturbation Equations

Consider an incompressible viscoelastic (Walters B”)
fluid-particle layer consisting of a viscoelastic fluid of
density p, permeated with suspended particles of density
mN, arranged in horizontal strata in a porous medium.
The system is acted on by the gravity force g (0, 0, —g).
Letp, p, i, 1 andv (u, v, w) denote respectively the pres-
sure, density, viscosity, viscoelasticity and velocity of the
pure fluid; u (/, 1; s), m and N (%, t) denote the velocity,
mass and number density of the particles, respectively,
€ is the medium porosity, k; the medium permeability,
and ¥=(x, v, z). The equations of motion and continuity
for the fluid are

Blia_v+_l-(v.V)vji:
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] ,aj
=V s mme | g = g |
pPtpg 3 (ﬂ U 5
XL E— (1)
p
V.v=0, (2)

where K=6 mun is the Stokes’ drag coefficient (7
being the particle radius).
Since the density of every fluid particle remains un-
changed as we follow it with its motion, we have
Jp

£W+(V~V)p:(). 3)

Assuming uniform particle size, spherical shape and
small relative velocities between the fluid and particles,
the presence of particles adds an extra force term in the
equation of motion (1), proportional to the velocity dif-
ference between particles and fluid. The force exerted by
the fluid on the particles is equal and opposite to that ex-
erted by the particles on the fluid. Interparticle reactions
are ignored since we assume that the distances between
the particles are quite large compared with their diame-
ter. The effects of pressure, gravity, and Darcian force on
the suspended particles are negligibly small and there-

fore ignored. Under the above assumptions, the equations
of motion and continuity for the particles are

du |
mN|:51—+E(u~V)}=KN(V—U)~ (4)
88_1:,+V-(Nu)=0- ®)

The initial state of the system is taken to be a quies-
cent layer (no settling) with a uniform particle distribu-
tion Ny, i.e. v=(0, 0, 0), u=(0, 0, 0), and N=N, is a con-
stant. The character of the equilibrium of this initial stat-
ic state can be determined, as usual, by supposing that
the systemis slightly disturbed and then following its fur-
ther evolution.

Letdp, op,v (u, v, w), and u (I, 1; 5) denote, respective-
ly, the perturbations in density p, pressure p, velocity of
fluid and velocity of particles. Then the linearized per-
turbed forms of (1)—(5) become

Ba—”:—V6p+g6p——8—(v—v’i)v
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9p _
S+ V)p=0, (10)

where M = € N/Ny,and Ny, N, v (=ulp), v’ (=1/'Ip) stand
for initial uniform number density, perturbation in num-
ber density, kinematic viscosity, and kinematic viscoe-
lasticity, respectively, and D=d/dz.

Analyzing the disturbances into normal modes, we
seek solutions whose dependence on x, y, and ¢ is given
by

exp(ik,x+ik, v+nt),

(1)

where k., k, are horizontal wave numbers, k*=k2+k?2,
and nis a cbmplex constant. »

For a perturbation of the form (11), equations (6)—(9)
after eliminating u give

{n'+v—v ”}puz—ik\ op,

]

(12)
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{n’Jrv_v anv:—ik\. op, (13)
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ik u+ik.v+Dw=0, (15)
endp=-wDp, (16)
where
n=n l+_—_mNK/p .
£ mn+ K

Eliminating 6p between (12)—(14) and using (15) and
(16), we obtain

(1) The velocity should vanish when z — + oo (for the
upper fluid) and z — —eo (for the lower fluid).
(i1) w(z) is continuous at z=0.
(iii) The jump condition at the interface.

Applying the boundary conditions (i) and (if), we
have

wy=A e*%? | (2<0), (20)

wa=A e X (2>0), (1)

where the same constant A has been chosen to ensure the
continuity of w at z=0.

Equation (17) gives the jump condition at the interface
z=0as

’ |
1
3 i k*
[D(pvDw)—k pvw]-1- B Ay (p v Dw)+E2— Ay (pIwg =0, (22)
ky ky en
gk’
[D(pv' Dw)—k’pv'w]=- (Dp)w. (17)  Applyingthe condition (22)to the solutions (20) and (21),
HE we obtain
/ / 2NK Ke , /
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where
— P1.2 " _Hi2 Y. _Hf,z
Two Superposed Viscoelastic (Walters B’) Fluids 2= o1 +py L2+ P, 2= 014
Separated by a Horizontal Boundary ' '
Considered the case when two superposed Walters B
fluids of uniform densities p, and p,, uniform viscos- (a) Stable Case (<)
ities i, and 45, uniform viscoelasticities (] and 5 are We rewrite (23) in the form
separated by a horizontal boundary at z=0.The subscripts . 3 ,
1 and 2 distinguish the upper and lower fluids, respec- n'+Bn"+Cn+D=0, (23")

tively. Then in each region of constant p, constant i and
constant £/, (17) reduces to

(D*—k*) w=0. (18)
The general solution of (18) is
w=Ae R Bt (19)

where A and B are arbitrary constants.
The boundary conditions to be satisfied in the present
problem are:

where B, C, and D are the coefficients of n%, n and the

constant term after dividing by the coefficient of n*

throughout in (23). It is clear from (23’) that D>0, and

it has been found, after calculations, that for

1>-= (@ vi+an vi) (24)
1

B C-D>0.Since D>0and B C-D>0, (Chandrasekhar
[1], p. 463], the real parts of all roots of (23) are nega-
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tive. The system is therefore stable. But if

I<E(ay vy+a,v)),
9|

(25)

the coefficient of 7' in (23) is negative. Equation (23)
therefore allows one change of sign and so has one pos-
itive root. The occurrence of a positive root implies that
the system is unstable.

(b) Unstable Case (0> o)

For a potentially unstable case, the constant term in
(23) is negative. Equation (23) therefore allows one
change of sign and so has one positive root, and hence
the system is unstable.

The Case of Exponentially Varying Density

Here we consider density stratification in a fluid of
depth d as

p@)=poe??, (26)

where p and 3 are constants. Assume that fd<1, i.e.
the variation of the density at two neighbouring points in
the velocity field, which is much less than the average
density, has a negligible effect on the inertia of the fluid.

The boundary conditions for the case of two free sur-
faces are

w=0, D*w=0 at z=0 and z=d. (27)

The proper solution of (17). satisfying (27) is

s
W= wq Sin ——

(28)

where w(, 1s a constant and s is an integer.
Substituting (28) in (17) and neglecting the effects of
heterogeneity of the inertia, we get

1 EV |3 | K[ BV | KN £V
kl m kl p kl
evk  gPk’ .

mky  (smld)*+k?

k*K/
gp ———=0. (29)
(sm/d)*+k

Stable Stratification (3<0)

Re-write (29) in the form

P +B n*+C n+D'=0, (29"
where B’, C’, and D’ are the coefficients of n2 n
and the constant term after dividing by the coefficient
of n® throughout in (29). It is clear from (29’) that
D’>0, and it has been found “after calculations” that
for

ev’
1>

30
3 (30)
B’C’-D’>0. Since D’>0 and B’C’-D’>0, (Chandra-
sekhar [1], p. 463), the real parts of all roots of (29”) are

negative. The system is therefore stable.
But if

ev’
1<

31
5 (1)
the coefficient of n in (29) is negative. Equation (29)
therefore allows one change of sign and so has one pos-
itive root. The occurrence of this positive root implies
that the system is unstable.

Unstable Stratification (3>0)

For the unstable stratifications (>0), the constant
term in (29) is negative. Equation (29) therefore allows
one change of sign and so has one positive root and hence
the system is unstable.

Let ny denote the positive root of (29). Then

l_ﬂ I’l8+ ﬁ l__g_v_ +ﬂ+f_v_ ”é
kl m k] P k|
3
g Bk }”0

evk _ gBKKim _
mk, (smld)*+k>

=0. (32
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To find the role of the particle number density and medium permeability concerning the growth rate of unstable
modes, we examine the natures of dny/dN and dny/dk, analytically. Equation (32) yields

dll() _

(K/p)ng

AN g Bk

’ ’ KN
o8k DBV g (K[ BV KN ev]
(Sﬂ'/([)_ + k- kl m kl P kl

gvK} (33)

m kl
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and
_en'| s |en_en K|, lenK|
dny _ 20Tk e [0 mad
dk, o n’ ’ 2 ' (34)
I Ind |- E8 +2n E(l_en +ﬂ+ﬂ a enk gbl; 7
ky i ki r ky mk (sm/d)” +k-

It is clear from (33) and (34) that dny/dN and dny/dk; may be positive or negative. The growth rates, thus, both
decrease (for certain wave numbers) and increase (for other wave numbers) with the increase in particle number den-
sity and medium permeability for the unstable stratifications.
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